. Both roots are characteristic numbers for the dodecagonal quasiperiodic structure 3 . Table 1 lists the k-th power of μ , which will be used in the proof. 
This is to say that they are generated from the same iteration process with different initial items. For both sequences D and I, the ratio of an item over the preceding one approaches the platinum number
From the expression in table 1,
it follows that 
The number 2 3 μ= -, which is irrational, can be expressed as a periodic, infinitely continued fraction(4), i.e., 
Obviously, as k increases, the rational approximation approaches 2 3 μ= -. Similarly,
k ≥ , the (2k+1)-th order rational approximation can be expressed as
Now we turn to the existence proof of directional scaling symmetry for the equilateral triangular lattice along the following route:
1)
Showing that the points generated by a branch of the function Based on these facts, the points generated by a given branch of the function
form an oblique lattice (Fig.S1 ). This can be confirmed by calculating the distances and orientations of neighboring points with regard to a given point. The calculation also indicates that the lattices in Fig.S1 are approximately an equilateral triangular lattice (see discussion below). 
and
From eqs. (6) and (7), and using the iterative relations (1) and (3), and with the fact
Substituting this 2 k γ into eqs. (6) and (8), we get
The difference between
This is to say that the unit triangle in the lattice defined by the ascending branch of the 
Following the discussion concerning 2 k γ in the above paragraph, we can get ( )
and ( ) 
Thus finally we get, 
This is to say that an approximate triangular lattice appears once again when the ratio of the longitudinal scale to the transverse scale is set at 
. From eqs. (10) and (12) we get
And from eqs. (14) and (16) 
Since ( )
, it can be easily shown that k k 1 / 1 + Δ Δ < . This is to say that the deviation from a rigorous equilateral triangle at The scaling at k → ∞ is then operated on an equilateral triangular lattice, which reveals the presence of the directional scaling symmetry (along the horizontal direction in Fig.S1 ) for the equilateral triangular lattice.
The connection line between point 0 and point 15 in Fig.3a , and the connection line between point 0 and point 56 in Fig.3b , are roughly at 15° ( / 12 π ) respect to the horizontal axis. The calculation below points to the conclusion that the direction of scaling symmetry for the equilateral triangular lattice, going through a lattice point, lies at 15° with regard to any side of the unit triangle.
Combining with eq.(8), the equality ( ) ( )
, and the fact that 6 2 sin(15 ) 4°− = , we obtain, for 
At k → ∞ , the equality holds. Thus the direction of scaling symmetry for the equilateral triangular lattice is, setting the drag point at a lattice point, at 15°with respect to the side of the unit triangle.
Combining eq.(9) and eq.(13), we can obtain the ratio of 
At k → ∞ ,
, we get 3 4 7 lim
Which is the scale factor involved in the directional scaling symmetry for the equilateral triangular lattice. Accordingly, the ratio of the side lengths of the unit triangles before and after the scaling is 2 3 − . We notice that the scale factor is the squared ratio of side lengths of unit triangles involved in the directional scaling symmetry for equilateral triangular lattice. This is a notable feature of directional scaling symmetry.
In summary, for the equilateral triangular lattice, scaling symmetry appears at the direction, going through a lattice point, at 15° with respect to the side of the unit triangle, the scale factor is 7 Table 2 lists the k-th power of λ . 
( 1) 2
λ λ 
This is to say that they can be generated from the same iteration process with different initial items. For both sequences O and J, the ratio of an item over the preceding one approaches the silver number 
.
Then, the k-th power of λ can be expressed as ( ) ( ) ( ) (
Combining eqs.(24) and (25), we get ( )
From eq. (25), we see that the absolute value
The octonacci sequence O satisfies the following relation, According to eq. (2) in the article, the point labeled with 0 is on the ascending branch, but point 1 is not. Point 2 is on the ascending branch since 2 1 1 4 λ − ≤ .
Based on the theory of best approximation, the absolute value 
The slope of the straight line joining point
From eqs.(24), (25) and (26), we can get that
. Putting these expressions into eq.(29), we get
In a similar way we can prove that
. Hence, a conclusion can be drawn that the points labeled with number 0 O to the origin is set equal to that of point 
From eqs. (31) and (32), and the equality ( ) ( )
, and the fact 
For a rigorous square with a side length ( ) 
The difference between 
In the deduction process above we have employed the equality 
Thus, it can be concluded that points generated by the ascending (descending) branch of the function arcsin(sin(2 )) y n πλ = form an approximate square lattice when a proper value for γ is chosen.
The relative deviation of the diagonal length can be defined as
Since k δ may change sign with varying k, here the absolute value k δ is adopted.
This deviation satisfies the following inequality The scaling at k → ∞ is then operated on a rigorous square lattice, which reveals the presence of the directional scaling symmetry (along the horizontal direction in Fig.S2 ) for the square lattice.
The connection line between point 0 and point 17 in Fig.5a , and the connection line between point 0 and point 29 in Fig. 5b , are roughly at 22.5°, or / 8 π , with respect to the horizontal axis. Calculation below shows that the direction of scaling symmetry for the square lattice, going through a lattice point, lies at 22.5°with regard to the side of the unit square.
Combining ( ) ( ) 
Defining a relative deviation from the square as ( ) 
As at k → ∞ , 
Thus it has ( ) ( ) For the square lattice, again the scale factor for directional scaling symmetry is the squared ratio of side lengths of unit squares before and after the contraction along the directional scaling axis.
In summary, for the square lattice, scaling symmetry appears at the direction, going through a lattice point, at 22.5° with respect to the side of the unit square, the scale factor is 3 2 2 − , and the side length of the unit square is scaled by 
IV. Obtaining honeycomb lattice from the equilateral triangular lattice
In order to obtain a honeycomb lattice by removing points from an equilateral triangular lattice as indexed in Fig.S1 , the points to wipe off are chosen by the following rules:
(1) Choose a point with index n=7a+12b , where n, a, b are all integers, thus this point can be specified with (a, b). Remove this point; 
